In this paper, we prove that the ground state of the Kondo model with large spin is nondegenerate, apart from a SU(2) spin degeneracy in the case of half filling. The ground state spin is found for the system, and the energy level orderings are discussed. Finally, the existence of ferrimagnetism in some cases is proved.
The Kondo models, or single and lattice impurity models, are one of the most challenging subjects in strongly correlated systems [1] [2] [3] . Recent developments of reflection positivity technique in the spin space make it possible to establish some rigorous results for the half-filled strongly correlated electron systems [4] [5] [6] [7] [8] [9] . Theory of reflection positivity in the spin space for the single-and multi-channel Kondo models with spin 1/2 was developed recently and a series of rigorous results on the ground state properties were proved 8, 9 . However some materials are described by the Kondo models with large spin, such as (La 1−x X x )M nO 3 with X = Ba, Ca, Sr etc. and the localised spin s = 3/2 10 . Due to more degrees of freedom in the case of large spin than in the case of spin 1/2, usually it is very hard to extract rigorous results for those systems. As a generalisation of the theory for the Kondo model with spin 1/2, we will investigate the Kondo model with large spin and provide some rigorous results on the ground state of the Kondo model in the case of half filling.
Let us first write down the Hamiltonian we will investigate:
where c † i,σ and c i,σ are the creation and annihilation operators for the conduction electron (c-electron) at site i with spin σ(=↑, ↓) and n i,σ = c † i,σ c i,σ . S i is the localised spin operator with spin s i at site i. S ci = σ,σ ′ c † i,σ σ σ,σ ′ c i,σ ′ /2, and σ α (α = x, y, z) are the Pauli matrices. The model is defined on a bipartite lattice ∧ with the site numbers N A and N B of the two sublattices A and B. t ij = t ji is possibly non-zero only when i and j belong to two different sublattices. The lattice ∧ is connected by the hopping terms {t ij }, which implies that for any two sites k and l on ∧, we can always find a sequence
∧ d is the distribution of localised spins on ∧. If we regard the same site for conduction electron and localised spin as two independent sites in a generalised lattice, the site i for conduction electron and the site i for localised spin belong to the same sublattice when J i < 0, and to two different sublattice when J i > 0. In the case the generalised lattice can be still regarded as a generalised bipartite lattice. Assume K ij J i J j ≤ 0 if i and j belong to the same sublattice, and K ij J i J j ≥ 0 if i and j belong to two different sublattices. When J i and J j are constant or have the same sign, K ij ≤ 0 if i and j belong to the same sublattice and K ij ≥ 0 if i and j belong to two different sublattices as in the antiferromagnetic Heisenberg model on a bipartite lattice. This condition guarantees that the last term in Eq.(1) does not introduce any frustration for the generalised bipartite lattice. Physically, it is completely absent of frustration in this case. The model is reduced to the Hubbard model when ∧ d = 0, i.e., there is no magnetic impurity or localised spin in the systems. The structure function of the bipartite lattice ∧ is defined as
The main results are summarised as follows: Theorem: Assume the model in Eq. ii). The total spin S tot in the lowest energy state is
where
iii). The spin-spin correlation functions obey,
When all U i = 0, (at least one of) the ground state(s) (if degenerate) has the total spin as that in Eq. (2). Before we present the proof, several remarks or corollaries are made: 1). In the case of all J i > 0 or < 0 and s i = s, suppose that N Ad spins are on the sublattice A, and N Bd spins on the sublattice B, the total spin is
In the Kondo lattice case, N A = N Ad and N B = N Bd , and the total spin is
When all s i = 1/2, we recover the result for the case of spin 1/2 8, 9 . The ground state is a singlet only when N A = N B , or s = 1/2 and J > 0. When N A = N B and (N A − N B )/(N A + N B ) = 0 when the system becomes sufficiently large, we obtain a state with ferromagnetic long-range order.
2). Theorem (iii) indicates that strong antiferromagnetic correlations exist between the conduction electrons or localised spins. A direct corollary is that the antiferromagnetic correlation is always stronger than the ferromagnetic correlation. For example on a cubic lattice,
where 
For S z tot ≤ 0, the energy level ordering can be obtained from Eqs. (8) (9) (10) . This is similar to that of the Heisenberg model 12 . It is worth of mentioning that in the case of U i ≥ 0 we have to use "lower or equal" instead of "lower than" if we could not determine whether the lowest energy state in each subspace is non-degenerate or not 4). In the one-dimensional chain of the Kondo lattice with all J i > 0 or < 0, Theorems (ii) and (iii) on the total spin and spin-spin correlation functions are the same as those in a two-chain spin-ladder system. This coincides with the analysis on the resemblance of these two systems by White and Affleck 13 . 5). When the system has no localised spin or magnetic impurity, N Ad = N Bd = 0 and the model in Eq. (1) -10) .
The main steps to prove this theorem are 1). to express the spin operator in a multi-fermion representation; 2). to define the generalised bipartite lattice after we consider the localised spins; 3) to introduce a complete and orthonormal set of basis for the system; 4) to prove the positive definiteness or semidefiniteness of the ground state on the chosen basis 14 ; and 5) to prove (iii) and (iv) by utilising the positive definiteness of the ground state and the known theorems on a positive definite state.
Except for the reflection positivity approach in the spin space as in the case of spin 1/2 8,9 , the key trick used in this paper is to express the localised spin operator S i as the summation of 2s i spin 1/2 operators in a multi-fermion representation (d-fermion) and these 2s i spins are coupled ferromagnetically. Completely ferromagnetic coupling could be realized by introducing a strong ferromagnetic coupling limit between these spins in the Hamiltonian. The spin operator is written as
with the restriction that each site iα i is singly occupied by d-fermions. The effective Hamiltonian in terms of dfermions is
where all λ i are positive 15 . We shall take all λ i → ∞ at the last step (as a matter of fact our theorem is true for any finite λ i ), and this guarantees that any deviation from (13) will lead to the divergence of the eigenvalues of energy in Eq. (12) . Eq. (13) is an alternative expression of
in the multi-fermion representation. In the limit of
The definition of the generalised bipartite lattice is very crucial for utilising the reflection positivity technique in the spin space. The generalised bipartite lattice for H ′ is defined as follows: 1). The sublattice A (B) for c-electrons belongs to the generalised sublattice A (B); 2). The site iα i for d-fermions belongs to the generalised sublattice A (B) if i belongs to the sublattice A (B) when J i < 0 and to the generalised sublattice B (A) when J i > 0. At the same site i all iα i with different α i belong to the same generalised sublattice. Additionally, the sites of the generalised lattice which are connected by K ij belongs to the same sublattice when K ij < 0 and to two different sublattices when K ij > 0 according to the condition on the signs of J i and K ij .
According to this generalised bipartite lattice, the transformation operator T for the partial particle-hole transformation is introduced as
Under this transformation, we have
where N t is the total number of the generalised bipartite lattice sites. The set of basis for H ′ in the case of half filling we choose is {T|φ 
The coefficients {W αβ } can be regarded as a square matrix and chosen as hermitian since the transformed Hamiltonian TH ′ T † possesses spin up-down symmetry. The proof of the positive definiteness of W is straightforward, but a little tedious according to the reflection positivity approach in the spin space
and
As W is hermitian and can be decomposed as W = V † DV where V † V = 1 and D is a diagonal matrix with the diagonal elements d α , denoted by D = diag{d α }. Denote |W | = V † |D|V where |D| = diag{|d α |}. |W | is at least positive semidefinite as all its eigenvalues are nonnegative. When all d α = 0, |W | is positive definite. As
and all U i ≥ 0 we have
If |Ψ(W ) is the lowest energy state, |Ψ(|W |) must be also the lowest energy state in the variational principle. This indicates that one of the lowest energy states of H ′ if degenerate is at least positive semidefinite. Suppose |W | is positive semi-definite (not positive definite) and there must exist one non-zero vector V 0 such that |W |V 0 = 0. From the Schrödinger equation for |W | and using the variational principle, we have
Eq. (36) 
where C ij ≥ 0 ( the equality only holds possibly in a positive semidefinite, not definite state). In our case, the difference of the total numbers of the two generalised sublattice A and B sites is i∈∧ ǫ(i) − i∈∧ d
Ji |Ji| 2s i ǫ(i). We get Theorem (ii) and (iv) combining the theorem above and the positive definiteness of the lowest energy state. Theorem (iii) is also obtained as we have decomposed the spin S i into 2s i 1/2-spins and the whole system is still on a generalised bipartite lattice. 
F ij > 0 when the state is positive definite, and ≥ 0 when the state is positive semidefinite. In summary, we have provided several theorems on the ground state properties of the Kondo model at half-filling and in the case with large spin. The uniqueness and the total spin in the ground state are found. Furthermore we have also investigated the spin-spin correlation in the system. The co-existence of both antiferromagnetic and ferromagnetic long-range correlations is proved, which is similar to the case of spin 1/2. Hopefully, these exact results are useful for understanding this highly correlated electron-impurity lattice.
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